In this work we study the geodesic structure of the space Σ(X) of compact balls of a complete and locally compact metric length space endowed with the Hausdorff distance dH. In particular, we focus on a geometric condition (referred to as the shooting property) that enables us to give an explicit isometry between (Σ(X), dH) and the closed half-space X × R ≥0 endowed with a taxicab metric.
Introduction
In recent times, the interest for studying the geometry of the space of isometric classes of compact metric spaces M have grown [5, 12, 13] . Furnished with the Gromov-Hausdorff distance, the space (M, d GH ) was shown to be geodesic [13] .
By the well known Gromov's Embedding Lemma, a family of compact metric spaces can be embedded in a ℓ ∞ space endowed with its Hausdorff distance d H [8] . Thus, in order to get some insight into the geodesic nature of M, in this work we analyze,the space of compact balls (Σ(X), d H ). This sort of spaces have been studied extensively from the topological point of view in the context of hyperspace theory [16, 11] , but their geometric structure remains unexplored for the most part.
In particular, we focus on the geodesic structure of the space (Σ(X), d H ) by means of a geometric condition relating geodesics and metric balls. Roughly speaking, the relevant geometric property states that any distance realizing curve going through the center of a metric ball keeps being distance realizing until it exits the ball; hence we denote this as the shooting property of geodesics.
The present work is organized as follows: in section 2 we establish the notation and principal concepts to be used in this work. In section 3 we introduce the shooting property and use it to give a description of the geodesic struc- 
Preliminaries
Let us start by defining some basic concepts and establishing the notation to be used throughout this work. We will be using the notation and definitions found in the standard references [2, 3, 17] .
We will be dealing meanly with geodesic (intrinsic) length spaces. Let us recall that a length space is a metric space (X,
is the metric associated to the induced length structure given by L(γ) = sup P {S(P )}.
where P denotes a partition a = t 0 < t 1 < · · · < t k−1 < t k = b of the closed joined by a geodesic segment we call such a space geodesic or intrinsic.
Length spaces are generalizations of Riemannian manifolds and many celebrated results from Riemannian geometry do extend to this context, for instance, the Hopf-Rinow theorem [3] . In fact, it is possible to define a synthetic notion of curvature in a length space by comparing its geodesic triangles with the corresponding ones in to the standard two-dimensional complete Riemannian spaces of constant curvature. These categories of length spaces are called spaces of bounded curvature [17, 18, 2] .
We now establish some notation and results pertaining the Hausdorff distance.
denotes the tubular neighborhood of A of radius r and dist(x, A) = inf{d(x, a) :
Sometimes we will use the following formula to compute the Hausdorff distance which is equivalent to Definition 2.2.
where U r (A) = {x ∈ X : dist(x, A) ≤ r}.
Also, we will often use an equivalent definition of the Hausdorff distance given in [3] which adapts better to our context:
This latter formulation is easier to handle for certain computations. For instance, we can readily see that the Hausdorff distance between two compact
Notice as well that for subsets of an Euclidean space, the tubular neighborhoods satisfy the following important properties Proposition 2.3. Let t, s > 0 and A be a compact subset of R n . Then 
Finally, given a metric space (X, d), the space of the compact balls of X will be denoted by (Σ(X), d H ).
An isometry between
In this section we analyze the geodesic structure of the space of closed balls of a locally compact and complete length space (X, d). First recall that for a locally compact and complete length space (X, d) we have that all closed metric balls are compact and that the metric d is intrinsic. Thus we can define the space Σ(X) of compact balls of (X, d) as
As means of motivation, we analyze the case M = R. We readily notice that Σ(R) can be parameterized in a rather simple way. Indeed, any compact interval I = [a, b] can be uniquely described in terms of its center x ∈ R and its radius r ≥ 0 by
Thus Σ(R) can be parameterized by the closed upper half plane
Further, as we show below, the space (Σ(R), d H ) is isometric to R×R ≥0 endowed with the taxicab distance
First notice that the function f :
is clearly bijective. Now let I = [x − s, x + s], J = [y − t, y + t] be two compact intervals. Without loss of generality, assume x ≥ y. Thus
Consider now the case t ≥ s.
and hence f is an isometry.
Based on the above example, the key idea in our approach consists in comparing Σ(X) with the space X × R ≥0 endowed with the taxicab metric d T given
In particular, we are interested in finding necessary and sufficient conditions for
to be an isometry.
First notice that f need not be even injective in general, as the following example illustrates:
Example 3.1. let us consider the metric space
endowed with the metric length induced from the standard Euclidean metric of R 2 . Let P = (−1, 0) and Q = (0, 1), and notice then that f (P, 2) = B 2 (P ) = B 2 (Q) = f (Q, 2).
P Q
As it turns out, the lack of injectivity is one of the main obstruction for the map f to be an isometry (see the proof of Theorem 3.11 below). We begin by showing first that f is a 1-Lipschitz map.
Proof. By definition we have
Proceeding in a similar way, we have
and the proof is complete.
In order to get a better insight, let us assume for the time being that f is an isometry and consider the closed ball
Since f is an isometry we have sup
Now we show that p ∈ ∂B r (x). Indeed, notice that 
Let us show that for all t, s
then there is nothing to prove, since α and β are geodesic segments parameterized by arc length. Thus let
It then follows that d(γ(t), γ(s)) = s − t = |t − s|, which in turn implies that γ is a path of minimal length.
As it turns out, the existence of such a geodesic segment γ for any choice of x, y ∈ X and r > 0 is also the sufficient condition we are looking for. Observe that in the case when y ∈ B r (x) we can think of γ as the path of a light ray shoot from y and aimed to x. By connectedness, such ray has to enter B r (x) at some point; whereas the above property shows that the ray has to leave B r (x)
after hitting x as well. We capture this feature in the following definition.
Definition 3.3. Let (X, d) be a length space. We say that x satisfies the shooting property if for any r > 0 and any y = x there exists a point p ∈ ∂B r (x) and a geodesic segment γ :
and γ(d(x, y) + r) = p. We say that (X, d) satisfies the shooting property if all of its points satisfy it.
Remark 3.4. Notice that if x satisfies de shooting property, then any geodesic through x is distance realizing as long as it is defined and thus it is conjugate point free. This holds both for Riemannian manifolds [4] and length spaces [19] .
Example 3.5. Let us notice that the shooting property does not hold even in the realm of the Riemannian model spaces. Even though the Euclidean spaces R n and the hyperbolic spaces H n (k) are readily seen to satisfy the shooting property, the spheres S n (k) do not. To see this, consider x ∈ S n (k) and choose y to be the antipodal point to x, then every geodesic segment that joins x and y can not be extended as a distance realizing curve, therefore the shooting property does not hold on x.
Example 3.6. Furthermore, there are some examples for which f is injective, although the shooting property does not hold. For instance, consider the half space R × R ≥0 endowed with the restriction of the Euclidian metric from R 2 , which will be denoted by d| R×R ≥0 . Notice that no point x ∈ (R × R ≥0 , d| R×R ≥0 ) satisfies the shooting property. To see this, take a radius r > 0 large enough such that B r (x) intersects R × {0} in an interval as the image below shows.
Further consider a point y right above x, then any geodesic starting at y and going through x does not intersect ∂B r (x), thus violating the shooting property.
The notion of the shooting property has to be defined pointwise. Indeed, there are locally compact and complete length spaces having some points in which the shooting property holds and others in which it doesn't hold, as the next example shows.
Example 3.7. Let us consider the set
endowed with the intrinsic metric d induced by the standard Euclidian metric
We claim that the set of points satisfying the shooting property is
In fact, is not difficult to see that any point in Y satisfies the shooting property.
On the other hand, set the points
and we want to shoot from point y in the direction of x. Observe that any path connecting y with p or q and passing through x has length at least 8, but d(y, p) = 6 and d(y, q) = 4. Therefore, all these paths can not be geodesic segments joining y with the boundary of B 5 (x). A similar idea proves that any point of the square -except for ( √ 2, 0) and (− √ 2, 0)-does not satisfy the shooting property, since we can take a large enough radius such that the boundary of the ball consists in two points.
A closer look at the above example reveals that no neighborhood of ( √ 2, 0)
consists of points satisfying the shooting property and hence the set of points that satisfy the shooting property can not be open. Nonetheless, this set is always closed.
Theorem 3.8. Let (X, d) be a complete and locally compact length space. Sup-
is a sequence satisfying the shooting property, that is, x n satisfies the shooting property for every n ∈ N. If {x n } ∞ n=1 converges to x ∈ X, then x satisfies the shooting property.
Proof. Fix y = x and r > 0. Moreover, take R > max{d(x, y), r} large enough such that there exists N ∈ N such that x n ⊂ B R (x) for all n ≥ N . We shall prove that there exists p ∈ ∂B r (x) and a geodesic segment γ : [0, d(x, y)+r] → X such that γ(0) = y, γ(d(x, y)) = x and γ(d(x, y) + r) = p. Because x n satisfies the shooting property for every n ∈ N there exists p n ∈ ∂B r (x n ) and a geodesic segment γ n : [0, d(x n , y) + r] → X such that γ n (0) = y, γ n (d(x n , y)) = x n and γ n (d(x n , y) + r) = p n . Moreover, since every geodesic segment γ n has length equals to d(x n , y) < R, then applying Arzela-Ascoli Theorem (Theorem 2.5.14 of [3] 
Example 3.9. Although the set of points satisfying the shooting property in a metric space is closed, it could be empty as Example 3.6 shows.
The next example exhibits a metric space where the set of points satisfying the shooting property is discrete and infinite. It is not difficult to check that any point of the set
satisfies the shooting property. Furthermore, by applying the same arguments as in Example 3.7 we can show that no other point in C satisfies the shooting property.
We now establish the main result characterizing the spaces in which the shooting property holds.
Theorem 3.11. Let (X, d) be a locally compact and complete length space.
is an isometry if and only if (X, d) satisfies the shooting property.
Proof. Let x, y ∈ X, t, s ≥ 0, ℓ = d(x, y). We divide the proof in two parts:
that is, dist(a, B s (y)) = 0 for all a ∈ B t (x). Hence we have B t (x) ⊂ B s (y).
We can show in an analogous way that B s (y) ⊂ B t (x) and thus B s 
we have d(y, p) = s. Hence
By a similar argument we have s + ℓ = t. It then follows that s = t and ℓ = 0, hence (x, t) = (y, s). As a consequence we have that f is injective.
(ii) Let us consider now d H (B t (x), B s (y)) > 0. Without loss of generality we can further assume
Therefore we have
On the other hand, since (X, d) satisfies the shooting property, there exist a geodesic segment γ : [0, ℓ + t] → X and a point p ∈ ∂B t (x) such that
then by a similar argument we end up with
In the case
Hence f is an isometry.
We note that the shooting property is closely related to the existence of a correspondence between isometries of (X, d) and isometries of (Σ(X), d H ). for any B ∈ Σ(X), define F (B) = f (B). Since f is an isometry, it sends closed balls to closed balls and F (B r (x)) =B r (f (x)). Then
Hence F is an isometry of (Σ(X), d H ).
On the other hand, additional properties can be used to show that -in some specific cases-in fact all isometries of (Σ(X), d H )) arise in this way. For instance, in [9] it is shown that any isometry of (Σ(R n ), d H ) that sends one point sets to one point sets is a rigid motion. (See also [10] ). In our setting, the relevant geometric property is based on the uniqueness of midpoints.
Definition 3.12. (X, d) satisfies the tangency property if for any pair of points
In other words, the midpoint of the pair (p, q) is unique. Theorem 3.14. Let (X, d) a locally compact and complete length space satisfying the shooting property. Then, every isometry of (X, d) gives rise to an isometry of (Σ(X), d H ). Further, if (X, d) satisfies the tangency property then every isometry of (Σ(X), d H ) gives rise to an isometry of (X, d).
Proof. Let F ∈ Isom(Σ(X), d H ) and for any t ≥ 0 let us denote Σ t = {B t (x) | x ∈ X} ∼ = {t} × X. We first proceed to show that F maps balls of the same radius to balls of the same radius. In other words, given t ≥ 0 there exists r ≥ 0
Let B ∈ Σ(X) such a midpoint. Thus
.
It follows that t = u, so B = F (B t (a)). Thus
Since the tangent property holds in (X, d) we then have that a is the unique midpoint for (p, q). As a consequence, the midpoint B = F (B t (a)) between F (B t (p)) and F (B t (q)) is also unique. By Remark 3.13 above we then have r = s and hence
It follows that F (Σ t ) = Σ r . Let F ({x}) = F (B 0 (x)) =B R (x) and define f : X → X by f (x) =x. We have just shown that f is a distance preserving (hence injective) surjection. The proof is complete.
In virtue of the above theorem, we can fully characterize the isometries of
Some properties for length spaces with the shooting property
In metric geometry, as in many branches of mathematics, it is usual to consider standard constructions to build new objects out of simpler ones. In particular, isometric actions, products, quotients or limits of convergent sequences have been studied in different geometric contexts such as Riemannian manifolds or even for length spaces. In this section we want to analyze the behavior of the shooting property using these constructions.
We start by tackling the issue of stability of the shooting property under uniform convergence of length spaces. Let us recall that a sequence of metric spaces (X n , d n ) converges uniformly to a metric space (X, d) if there exist metricsd n such that every metric space (X n , d n ) is isometric to (X,d n ) and the sequence of metricsd n converges uniformly to d. It means
Since every metric space (X n , d n ) is isometric to (X,d n ) we might even consider that X n = X andd n = d n , just to simplify the notation.
We want to establish a relation between the Hausdorff distance in X and the Hausdorff distance in X n . In order to do this, let us denote by d n H the Hausdorff distance in (X n , d n ) and the closed ball with center x an radius t by B n t (x).
Lemma 4.1. Let (X n , d n ) be a sequence of length spaces that converges uniformly to a length space (X, d) and fix x ∈ X, t ∈ R ≥0 . Then for every ε > 0 there is an N ∈ N such that
Proof. Take ε > 0. From uniform convergence there exists N ∈ N such that
for all a, b ∈ X and for all n ≥ N . Thus for every p ∈ B t (x) we have d(p, x) ≤ t and therefore
. A similar procedure shows B n t (x) ⊆ B t+ε (x) and the proof is complete. Proposition 4.2. Let (X n , d n ) be a sequence of length spaces that converges uniformly to a length space (X, d). Then for every x, y ∈ X and t, s ∈ R ≥0 we have
Proof. Let us recall that the Hausdorff distance between two compact sets A and B is given by
Moreover, because (X, d) is a length space we have
Take ε > 0 and δ = ε/2. We will proof that there exists N ∈ N such that
Fix n such that n ≥ N . We divide the proof in two steps: (B t (x) , B s (y)) ≤ r + ε, so taking the infimum over all the numbers r satisfying our assumptions we get
(ii). Using the same ideas from step (i) we get
In conclusion
as we desired.
As a corollary from Proposition 4.2 we can now establish the stability of the shooting property under uniform limits. We now move our attention to the study the cartesian product of spaces satisfying the shooting property. Proof. Take (a, b) ∈ X × Y and r > 0. Since x and y satisfy the shooting property, according to the definitions there exist two points p and q such that p ∈ ∂B r/ √ 2 (x) and q ∈ ∂B r/ √ 2 (y) and geodesic segments α (joining a with p) and β (joining b with q), passing through x and y, respectivley. Applying in X × Y and therefore we have a geodesic segment joining (a, b) with (p, q) passing through (x, y). Finally observe that
thus (p, q) ∈ ∂B r (x, y). This completes the proof. For instance, the following metric has been studied in the context of hyperbolic complex manifolds [14] .
For any two metric spaces (X, d X ) and (Y, d Y ) it is possible to define a metric As an application of our previous results we show that the cartesian product of two length spaces satisfying the shooting property also has this property relative to the maximum metric.
Lemma 4.6. For every (x, y) ∈ X × Y and r ≥ 0 we have
We are interested in finding the Hausdorff distance between two closed balls
Proposition 4.7. For every (x, y), (a, b) ∈ X × Y and t, s ∈ R ≥0 we have Proof. As in the proof of Proposition 4.2 we will use that
The proof is divided in two parts:
Using Lemma 4.6 we get
then B t (x) × B t (y) ⊆ B s+r (a) × B s+r (b) and thus
(ii) Suppose r 1 and r 2 satisfy
. Take r = max{r 1 , r 2 } and using again Lemma 4.6 we have
Because of the way we take r we conclude
Now the proof is complete.
As a consequence of Proposition 4.7 we have the following corollary. Proof. Just note that
and the proof is finished.
The relation between isometric actions of compact Lie groups on Riemannian manifolds has been studied intensively because these interactions provide important information of its geometric structure. For example, Myers and Steenrod proved in [15] that the group of isometries of a Riemannian manifold is a Lie group, and the same statement remains true for length spaces which are locally compact, with finite Hausdorff dimension and curvature bounded by below [6] .
Moreover, if an Alexandrov space have an isometry group of maximal size, then it is isometric to a Riemannian manifold [7] . An other example appears in [1] , where Berestovskii proves that a finite dimensional homogeneous metric space with curvature bounded by below is a smooth manifold. Let us recall that isometric actions do not always give rise to metric quotients. However, if the isometric action G X is proper then X/G es metric space.
According to [2] , an isometric action G X is proper if for each x ∈ X there exists r > 0 such that the set {g ∈ G : g(B r (x)) ∩ B r (x)} is finite.
As the next result shows, the shooting property enables us to transfer properness from (X, d) to (Σ(X), d H ). Remark 4.12. The presence of the shooting property allows us to transfer important properties from X to Σ(X) via proper isometric actions, but not every metric quotient space satisfies the shooting property even when the base satisfies it. For instance consider R with its standard metric and the group generated by the isometry x → x + 2π. The quotient space is isometric to the circle S 1 which does not satisfies the shooting property since the map f from Theorem 3.11 is not injective.
